Spin-multipole effects in binary black holes and the test-body limit by Vines, Justin & Steinhoff, Jan
Spin-multipole effects in binary black holes and the test-body limit
Justin Vines1, ∗ and Jan Steinhoff1, †
1Max-Planck-Institute for Gravitational Physics (Albert-Einstein-Institute),
Am Mu¨hlenberg 1, 14476 Potsdam-Golm, Germany, EU
(Dated: April 18, 2018)
We discuss the effects of the black holes’ spin-multipole structure in the orbital dynamics of binary
black holes according to general relativity, focusing on the leading-post-Newtonian-order couplings at
each order in an expansion in the black holes’ spins. We first review previous widely confirmed results
up through fourth order in spin, observe suggestive patterns therein, and discuss how the results can
be extrapolated to all orders in spin with minimal information from the test-body limit. We then
justify this extrapolation by providing a complete derivation within the post-Newtonian framework
of a canonical Hamiltonian for a binary black hole, for generic orbits and spin orientations, which
encompasses the leading post-Newtonian orders at all orders in spin. At the considered orders, the
results reveal a precise equivalence between arbitrary-mass-ratio two-spinning-black-hole dynamics
and the motion of a test black hole in a Kerr spacetime, as well as an intriguing relationship to
geodesic motion in a Kerr spacetime.
I. INTRODUCTION
Binary black holes (BBHs) [or something very much
like them] have provided us with the first gravitational
waves detected at Earth [1–3]. So far, the detected sig-
nals lie within the error bars of our expectations—that
black holes exist, that binaries of them emit gravitational
waves which become ever stronger as they spiral into one
another and eventually merge into one bigger black hole,
and that all of this is governed by Einstein’s theory of
general relativity (GR) [4].
Being able to make such statements requires that we
know exactly what it is that GR predicts. Decades of
work in numerical relativity (solving Einstein’s equations
directly on a supercomputer), combined with analytic ap-
proximation schemes for treating the two-body problem,
have led to the current understanding of BBHs which has
allowed the analysis of the detected signals. Yet, in many
respects, the relativistic two-body problem remains un-
solved (see e.g. Fig. 1).
For analytic attacks, two complementary approxima-
tion schemes are available: The post-Newtonian (PN) ap-
proximation expands about the Newtonian (weak-field,
slow-motion) limit but is valid for arbitrary mass ra-
tios [5, 6], while the extreme-mass-ratio approximation,
encompassing the “self-force paradigm” [7–13], expands
about the test-body limit but is valid in the strong-field,
relativistic regime.
This paper points out an interplay between the PN
limit and the test-body limit, which relies on special
properties (seemingly) specific to BBHs in GR, and which
reveals structure in the BBH dynamics which has yet to
be recognized. We derive here a Hamiltonian for the
conservative dynamics of generic-orbit arbitrary-mass-
ratio spinning BBHs, at the leading orders in the large-
separation/slow-motion (PN) expansion (at each order in
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spins), to all orders in the black holes’ spins. We find that
these leading-order couplings can all be obtained from a
map to the motion of a test black hole (a test body with
the spin-induced multipoles of a Kerr black hole) in a
background Kerr spacetime [see Eqs. (2.18) and (2.10)
below], as is confirmed with direct post-Newtonian cal-
culations for arbitrary mass ratios. Furthermore, all of
the couplings can be “deduced” in a certain manner from
those of a pole-dipole test body in a Kerr spacetime.
The leading-PN-order, all-orders-in-spin BBH Hamil-
tonian is given explicitly by (2.23) below. This result
(with its conceivable generalizations beyond leading or-
der) is of particular interest for the case of large black hole
spins, and is thus relevant to LIGO’s ability to test GR
with strong, nonlinear spin/precession effects in BBHs
[4].
It is remarkable that the nonperturbative structure
emerging in (2.23) is an oblate spheroidal geometry (as in
Fig. 2) with a ring-radius being the sum of the individual
black holes’ ring-radii; this points to a spinning analog
of the fact that Newtonian two-body dynamics is equiva-
lent to the motion of a reduced mass in the gravitational
potential of the sum of the individual masses.
The paper is organized as follows. In Sec. II we review
PN results for spinning BBH dynamics and extrapolate
to the main result of the paper. A proof of this result
is given in Sec. III, where we derive the leading-order
PN interaction potential for a BBH at each order in the
spins and make the connection to the test-body limit.
Our conclusions are given in Sec. IV.
II. BBH IN THE PN APPROXIMATION
We can begin to explain and substantiate the above
claims by reviewing the results of PN calculations which
describe the conservative dynamics of binaries of compact
objects with spin-induced multipole moments.
In the PN approximation, one describes a binary of
compact objects, bodies A = 1, 2, in terms of
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2• their worldlines x = zA(t) in a PN spacetime
with coordinates xµ = (t, xi) = (t,x),
defining the relative position R = z1 − z2
and distance R = |R|,
• their masses mA, defining the total mass M =
m1 +m2, the reduced mass µ = m1m2/M , and the
symmetric mass ratio ν = µ/M , taking m1 ≥ m2,
with the “test-body limit” defined by m2 → 0,
• their intrinsic angular momentum (or spin) vectors
SA = S
i
A, defining the rescaled spin vectors
aA = SA/mAc with dimensions of length
(sometimes also referred to as the spins),
• and their higher-order multipole moments,
beginning with the mass quadrupole tensors QijA ,
with appropriate definitions for these quantities, suffi-
cient for our purposes here, given e.g. in [14, 15] or [16].
In general, the bodies’ quadrupoles and higher-
order moments can be dynamical, depending on fur-
ther internal degrees of freedom [17–20]. But the
leading-order effects in the post-Newtonian regime
arise from (i) intrinsic spin-induced quadrupolar de-
formations scaling as the square of the spin, and
(ii) quadrupolar tidal deformations which are adiabati-
cally induced by the external field, which contribute to
the quadrupole tensors as follows [21],
QijA = −κAmAa<iA aj>A − λAE ij(zA). (2.1)
Here, Eij is the electric tidal tensor, with Eij = ∂i∂jφ
in the Newtonian limit, φ being the Newtonian potential
with φ = −Gm/R for a monopole. Anglular brackets
denote symmetric-trace-free (STF) projection.
The linear response coefficients κA and λA measure the
leading-order quadrupolar deformation of body A, due
to its rotation/spin and due to the external tidal field,
respectively. The values appropriate for a black hole,
κBH = 1, λBH = 0, (2.2)
have been established through several arguments and
derivations, e.g. [21–27].
We will henceforth restrict attention to spin-induced
multipoles, as is appropriate for black holes at the PN
orders discussed here. Spinning bodies (like black holes)
generally have
• even-order mass multipoles IL,
quadrupole Qij ≡ Iij , hexadecapole Iijkl,
. . . , 2`-pole IL = Ii1...i` with ` even, and
• odd-order current multipoles J L,
dipole Si ≡ J i, octupole J ijk,
. . . , 2`-pole J L = J i1...i` with ` odd,
which are induced by their rotation, and which are gen-
erally proportional to STF outer products of ` copies of
the spin vector. L = i1 . . . i` is a spatial multi-index. The
proportionality constants (like κ for ` = 2) vary with the
composition and structure of the bodies. The multipoles
of a black hole (with certain normalizations), including
the mass monopole m ≡ I, are given by [22](
IL + i
c
J L
)
BH
= i`ma<L>, (2.3)
where a<L> = a<i1 . . . ai`> = S<L>/(mc)`, with ` =
0, 1, . . . ,∞. With ` = 2, this reproduces (2.1) with κ = 1
(and λ = 0).
With only such spin-induced multipoles, the only de-
grees of freedom of the binary are the relative position
R(t) (in the center-of-mass frame) and the spins S1(t)
and S2(t). The PN conservative dynamics can be en-
coded in a Hamiltonian H(R,P ,S1,S2), where P is the
linear momentum canonically conjugate to R, and the
equations of motion are determined from
R˙i =
∂H
∂Pi
, P˙i = − ∂H
∂Ri
, S˙iA = 
ij
k
∂H
∂SjA
SkA, (2.4)
with A = 1, 2.
The Hamiltonian, expanded in PN orders and in pow-
ers of the spins, takes the following form, H =
H
(0PN)
LO-S0
(2.5)
+H
(1PN)
NLO-S0
+H
(1.5PN)
LO-S1
+H
(2PN)
LO-S2
+H
(2PN)
NNLO-S0
+H
(2.5PN)
NLO-S1
+H
(3PN)
NLO-S2
+H
(3.5PN)
LO-S3
+H
(4PN)
LO-S4
+ . . . Here, HLO-S0 ≡ HN is the Newtonian (0PN) point-
mass (no-spin) Hamiltonian, and the other terms are at
higher orders in the PN parameter  ∼ Gm/c2R ∼ v2/c2
and higher orders in the spin. The order counting here,
with an nPN term scaling as nHN, assumes rapidly ro-
tating bodies, with spin magnitudes S ∼ Gm2/c.
We now discuss in turn the contributions in (2.5). To
ease the notation, we henceforth set G = c = 1 and define
new momenta rescaled by the reduced mass,
H¯ =
H
µ
, P¯ =
P
µ
, L¯ =
L
µ
= R× P¯ , (2.6)
where L = R× P is the orbital angular momentum.
A. Nonspinning
The Newtonian Hamiltonian [i.e. the leading-order
(LO) no-spin (S0) Hamiltonian] reads
H¯N =
P¯ 2
2
− M
R
, (2.7)
and the 1PN point-mass Hamiltonian [i.e. the next-
to-leading-order (NLO) no-spin Hamiltonian], in har-
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FIG. 1. Contributions to the two-body Hamiltonian in the
PN-spin expansion, for arbitrary-mass-ratio binaries with
spin-induced multipole moments (such as BBHs). The lower-
right inset indicates the increments in the PN orders in mov-
ing right or diagonally down and left; c.f. (2.5). The first row
has the nonspinning (point-mass) S0 contributions, labelled
by the order in the PN expansion: N for Newtonian, 1PN for
relative order 1, etc. For the spin contributions, the second
row gives the linear-in-spin or spin-orbit (SO) parts, the third
row gives the quadratic-in-spin parts, etc. LO stands for the
leading-(PN-)order part (the Sn contributions at the leading
order in ), NLO stands for next-to-leading order, etc. Terms
in red text are unknown. Terms in black text have been cal-
culated, and confirmed by independent groups, as discussed
at LOs below and as reviewed e.g. in [5] at higher orders, all
except for (i) the recent NNLO S2 calculations of [28], and (ii)
the underlined LO-Sn terms with n ≥ 5, which are presented
here for BBHs. The recent 4PN results of [29–33] have been
recently also confirmed by independent calculations.
monic/ADM gauge, reads
HNLO-S0 = (−1 + 3ν)
P¯ 4
8
+ (−3− 2ν)M P¯
2
2R
+ (0 + ν)
ML¯2
2R3
+ (1 + 0ν)
M2
2R2
. (2.8)
The Newtonian Hamiltonian could be said to be equal
to its test-body limit, in the sense that it has no depen-
dence on the mass ratio. The same is not true of H1PN,
and one recovers only the first terms in parentheses from
the test-body limit, with the terms ∝ ν being “self-force
corrections” [7–11].
More precisely, even HN is not literally equal to its
test-body limit, if this is defined as the limit m2 → 0,
because then we obtain only the m1 term in M = m1 +
m2 [among other subtleties]. Rather, the arbitrary-mass-
ratio Newtonian dynamics in the center of mass frame is
equivalent to the dynamics of a test body with mass µ
in the field of a stationary mass M , under the map M =
m1+m2 and µ = m1m2/M . This map and this fortuitous
coincidence allow us to obtain from the test-body limit
what could be considered a self-force correction (the m2
in M) [and less handwavingly, the full exact Newtonian
dynamics]. We will find this same kind of coincidence to
all orders in spin at the leading PN orders.
B. Leading-order spin-orbit couplings
Next we have the leading-order “spin-orbit” (linear-in-
spin) Hamiltonian, at 1.5PN, [34–37]
H¯LO-S1 =
[
2m1 +
3
2
m2
]
L¯ · a1
R3
+
[
3
2
m1 + 2m2
]
L¯ · a2
R3
.
(2.9)
The m2 terms are self-force corrections which drop out
in the test-body limit. But under the map
S = S1 + S2 = m1a1 +m2a2 = Mσ,
Stest
ν
= S∗ =
m1
m2
S2 +
m2
m1
S1 = m1a2 +m2a1 = Mσ
∗,
(2.10)
this can be rewritten exactly as the LO linear-in-spins
part of the Hamiltonian of a test body with mass µ and
spin Stest = µσ
∗ = νS∗ in the field of a stationary body
with mass M and spin S = Mσ,
H¯LO-S1(m1,a1,m2,a2) = H¯
test
LO-S1(M,σ, µ,σ
∗) (2.11)
= L¯ ·
(
2σ +
3
2
σ∗
)
M
R3
= −P¯ ×
(
2σ +
3
2
σ∗
)
·∇M
R
,
where ∇ = ∂i = ∂/∂Ri.
Note that the dynamics defined by HN, H1PN, and
HLO-S1 (and more generally, through linear order in spin)
is universal, independent of the nature of the bodies.
C. Leading-order spin-squared couplings
The next contribution in (2.5) is the LO-S2 Hamilto-
nian at 2PN, [35, 38–41]
H¯LO-S2 =
1
2
(
κ1a
i
1a
j
1 + 2a
i
1a
j
2 + κ2a
i
2a
j
2
)
∂i∂j
M
R
, (2.12)
which begins to depend on the bodies’ internal struc-
ture through the response coefficients κ1,2. Note that
the κ terms encode the coupling of the spin-induced
quadrupole of one body to the monopole of the other,
while the a1-a2 term encodes the (universal) coupling
between the bodies’ spins.
Remarkably, for the special case of a binary black hole,
4κ1 = κ2 = 1, this factorizes into [40]
H¯BBHLO-S2(m1,a1,m2,a2) =
1
2
(
a1 + a2
)i(
a1 + a2
)j
∂i∂j
M
R
= H¯BBH,test
LO-S2
(M,σ, µ,σ∗) =
1
2
(
(σ + σ∗) ·∇)2M
R
(2.13)
= H¯BBH,test
LO-S2
(M,a0, µ, 0) =
1
2
(a0 ·∇)2M
R
, (2.14)
noting that spin vectors commute with spatial derivatives
∇, and where
a0 = a1 + a2 = σ + σ
∗ =
S + S∗
M
=
S0
M
(2.15)
is the combination of the spins whose importance was
noted in [40–42].
The LO-S2 BBH Hamiltonian is equivalent to that of
a test-body in two different ways. On the one hand,
as in (2.13), it is the LO quadratic-in-spins part of the
Hamiltonian of a “test black hole” with mass µ and spin
µσ∗ (and quadrupole Qij = −µσ∗<iσ∗j>) in the field of a
stationary Kerr black hole with mass M and spin Mσ.
On the other hand, as in (2.14), it is the LO-S2 part of
the Hamiltonian of a structureless point mass (following
a geodesic) in the field of a Kerr black hole with mass M
and spin Ma0 [40, 42].
D. Leading-order couplings for binary black holes
through fourth order in spin
The LO-S3 (3.5PN) and LO-S4 (4PN) contributions in
(2.5) have been computed and confirmed by a variety of
methods in [43–47]. To the authors’ knowledge, there
are no previous results for the PN dynamics of arbitrary-
mass-ratio binaries at fifth or sixth order in the spins
(5.5PN or 6PN at LO) or beyond, though much is known
(at least in principle) from the test body limit.
The LO-S3 contributions arise from (i) a body’s spin-
induced current octupole coupling to its companion’s
mass monopole, (ii) the mass quadrupole coupling to the
companion’s spin, and (iii) more subtle kinematical ef-
fects. These kinematical effects, like those encountered
for the spin-orbit couplings (2.11) which are linked to
Thomas precession [48], are related to the transport of
the local frame in which the spin is defined and its inter-
play with the spin supplementary condition [49].
The LO-S4 contributions arise from hexadecapole-
monopole, octupole-dipole, and quadrupole-quadrupole
couplings. As with the LO-S2 couplings, there is no de-
pendence on P¯ , only on R, and there are no subtle kine-
matical effects.
Like the LO-S2 part, the LO-S3 and LO-S4 parts un-
dergo remarkable simplifications in the special case when
the spin-induced multipole moments match those of a
Kerr black hole.
Now we gather all the results for the leading-PN-order
Hamiltonians at each order in spin, available from [43–
47] through fourth order in spin, specializing to the BBH
case. This is as in (2.5), but where we will neglect the
NLO terms H1PN, HNLO-S1 , HNLO-S2 and (at NNLO)
H2PN, as well as all other NLO terms. Working from the
Hamiltonians of [45], after a canonical transformation af-
fecting only the S3 terms, and after some simplification,
using (2.10), the leading-order Hamiltonian can be writ-
ten as H¯BBHLO = H¯
BBH
LO,even + H¯
BBH
LO,odd, with the even-in-
spins part
H¯BBHLO,even =
P¯ 2
2
− M
R
+
1
2!
(a0 ·∇)2 M
R
(2.16)
− 1
4!
(a0 ·∇)4 M
R
+O(S6),
and the odd-in-spins part
H¯BBHLO,odd = −
1
1!
P¯ ×
[
2σ +
3
2
σ∗
]
·∇M
R
(2.17)
+
1
3!
P¯ ×
[
2σ +
1
2
σ∗
]
·∇(a0 ·∇)2M
R
+O(S5).
Note that hidden within these “factorized” forms is a
considerable network of multipole-multipole couplings
and kinematical effects, including “(first-order) self-force
corrections.”
All of these LO-PN results (for arbitrary mass ratios),
even and odd, are obtained from the test-body limit ac-
cording to
H¯BBHLO (m1,a1,m2,a2) = H¯
BBH,test
LO (M,σ, µ,σ
∗),
(2.18)
with (2.10), where H¯BBH,test is the Hamiltonian of a “test
black hole” with mass µ and spin µσ∗—having all of the
spin-induced multipoles of a black hole, keeping σ∗ finite
as µ → 0, noting that all of the LO couplings end up
with one factor of µ which scales away as in (2.6)—in a
Kerr spacetime with mass M and spin Mσ. The even
part has the further feature
H¯BBHLO,even(m1,a1,m2,a2) = H¯
BBH,test
LO,even (M,a0, µ, 0),
(2.19)
so that it is obtained from geodesic motion in a Kerr
spacetime with mass M and spin Ma0; this is not true
of the odd part. These hold for the above results through
fourth order in spin, as can be confirmed from [50], and
we will see that they hold to all orders. Note that this
means that an effective-one-body Hamiltonian which uses
Ma0 as the spin for an effective (ν-deformed) Kerr met-
ric entering the geodesic Hamiltonian (a recent example
being that in [51]) correctly encodes all of the LO even-
in-spin couplings.
E. To all orders in spin, at the leading
post-Newtonian orders, for binary black holes
There is a clear pattern developing in the even part
(2.16). In light of (2.3), one is motivated to argue that
5this pattern continues,
H¯BBHLO,even =
P¯ 2
2
−
even∑
`
i`
`!
(a0 ·∇)` M
R
(2.20)
=
P¯ 2
2
− cos(a0 ·∇) M
R
.
For the odd part, one could argue from the limited
data in (2.17) that there is an analogous pattern devel-
oping, with only two new coefficients at each order in spin
(the coefficients of σ and σ∗ in the cross product). If we
were to assume that this pattern holds to all orders, then
these coefficients would all be fixed by matching to the
dynamics of a pole-dipole test body in the Kerr space-
time, obeying the Mathisson-Papapetrou-Dixon (MPD)
equations [52–54] to linear order in the spin of the test
body. The resultant coefficients are available in principle
from [50, 55]. This yields
H¯BBHLO,odd
=
odd∑
`
i`−1
`!
P¯ ×
(
−2σ + `− 4
2
σ∗
)
·∇ (a0 ·∇)`−1 M
R
=
[
− 2 P¯ × a0 ·∇ sin(a0 ·∇)
a0 ·∇
+
1
2
P¯ × σ∗ ·∇ cos(a0 ·∇)
]
M
R
. (2.21)
These results can also be derived without relying on
such seemingly unjustified extrapolation. With a direct
PN calculation for arbitrary mass ratios in Sec. III, we
show that the LO BBH Hamiltonian is indeed given by
the sum of (2.20) and (2.21) under the map (2.10).
The calculations of Sec. III are based on the well-
developed action description of spinning bodies in gen-
eral relativity [23, 49, 56–67], which results in a form of
the MPD dynamics [52–54]. The action encodes both
the bodies’ motion in an effective external field and the
effective stress-energy which sources the field equations—
at the least, in the leading-PN-order context. In Sec. III,
we draw in particular from the analyses of spin-multipole
effects in [47, 50, 68–70], and [49] which derived all LO
spin-induced multipole couplings. We obtain all needed
coupling constants in the action by matching the effec-
tive black holes’ spin-multipole structure to that of a Kerr
black hole, and by ensuring the kinematical consistency
of the MPD dynamics.
We can also present the results (2.20) and (2.21) in a
simple explicit closed form by introducing new coordi-
nates on the (flat) 3-space; starting from Cartesian coor-
dinates (X,Y, Z), as illustrated in Fig. 2, we have
cylindrical (ρ,Φ, Z), X = ρ cos Φ, Y = ρ sin Φ,
spherical (R,Θ,Φ), ρ = R sin Θ, Z = R cos Θ,
spheroidal (r, θ,Φ), ρ =
√
r2 + a20 sin θ, Z = r cos θ.
(2.22)
FIG. 2. Relationships between the coordinates (2.22) on
flat 3-space, with (r, θ,Φ) being oblate spheroidal coordinates
with “ring-radius” a0 = |a0|, showing a quadrant of a plane
containing the Z-axis. The surfaces of constant r are oblate
ellipsoids with foci on “the ring” ρ2 = X2 + Y 2 = a20 in the
Z = 0 plane, with a cross-section shown in red. The ring
pierces this plane orthogonally at the ⊗ symbol, with its cen-
ter at the origin. The locus r = 0 is the disk Z = 0, ρ < a0
bounded by the ring. The surfaces of constant θ are half-
one-sheeted hyperboloids with foci on the same ring, with
a cross-section shown in blue; as r → ∞, they asymptote
to cones opening an angle θ from the +Z-axis. The locus
θ = pi/2 is the plane Z = 0 minus the disk ρ < a0. The ring
represents the “ring singularity” of an effective Kerr black
hole with rescaled spin a0.
The LO Hamiltonian, the sum of (2.20) and (2.21), can
then be written as
HBBHLO =
P 2
2µ
+ µφ + P ·A − 1
2
P × σ∗ ·∇φ ,
(2.23)
where
φ = − cos(a0 ·∇)M
R
= − Mr
r2 + a20 cos
2 θ
, (2.24)
and
A = −2a0 ×∇ sin(a0 ·∇)
a0 ·∇
M
R
= 2φ
R× a0
r2 + a20
, (2.25)
are the (linearized-harmonic-gauge) gravito-electric
scalar potential φ = −h00/2 and gravito-magnetic vector
potential A = −h0i (with hµν = gµν − ηµν) of an
effective Kerr black hole with mass M and spin Ma0,
and with
∇φ = M
2
R+ ia0
(r + ia0 cos θ)3
+ complex conjugate. (2.26)
The manipulations linking (2.20)–(2.21) to (2.23)–(2.25)
are similar to those in [71, 72].
6As we discuss in Sec. III D, the Hamiltonian given by
(2.23)–(2.25) is precisely the LO part of the Hamiltonian
for a test black hole with mass µ and spin µσ∗ in a Kerr
spacetime with mass M and spin Mσ. We see that one
obtains the arbitrary-mass-ratio BBH Hamiltonian from
this simply by using the mass and spin mappings dis-
cussed above—i.e., the equivalence stated in (2.18) holds
to all orders in spin.
The relationship between the even-in-spin part and
geodesics in a Kerr spacetime with spin Ma0, stated in
(2.19), is seen to hold to all orders in spin as well—and
(2.23)–(2.25) also show some relationship between the
odd-in-spin part and the Kerr spacetime with spin Ma0.
We elaborate on these points and specify the precise re-
lationship between the Kerr metric and the potentials
(2.24)–(2.25) also in Sec. III D.
It is astounding that the doubly infinite web of
multipole-multipole couplings and kinematic effects
present in the Hamiltonians—with all powers of both the
test-black-hole spin σ∗ and the Kerr spin σ, or equiv-
alently, with all powers of a1 and a2—reduces to the
compact form (2.23), depending in a simple way on the
multipole structure of a single Kerr spacetime with spin
a0.
III. DERIVATION OF THE RESULT
In this section we derive the result (2.23) presented
above, proceeding in the following steps. We start by
constructing the effective point-particle action for a ro-
tating black hole (neglecting tidal effects). Next we ap-
proximate this action, first to linear order in a perturba-
tion of the metric away from flat spacetime, then also to
leading order in the velocity at each order in spin. Fi-
nally, we compute the interaction potential of the binary
to leading PN order at each order in spin.
A. Effective action for black holes
The effective point-particle action of a rotating black
hole (neglecting tidal deformations) can be written as
an integral along an arbitrarily parametrized worldline
xµ = zµ(σ) as
SBH =
∫
dσ
[−m√−uρuρ + Ltop + LSI] , (3.1)
where the signature of spacetime is +2, uµ = dzµ/dσ
is the worldline tangent, and m is the mass, with the
following Lagrangians: Ltop describes a relativistic spin-
ning spherical top minimally coupled to gravity and LSI
contains non-minimal couplings of the spin-induced (SI)
multipole moments.
We use the general-relativistic spherical-top La-
grangian in the form [49]
Ltop = Sµν
[
1
2
Λc
µDΛ
cν
dσ
+ Uµ
DUν
dσ
]
, (3.2)
where Uµ = uµ/
√−uρuρ, D is the covariant differential,
and Λc
µ describes an ortho-normal (Lorentz) body-fixed
frame, gµνΛa
µΛb
ν = ηab. The last term in Eq. (3.2) is
related to the Fermi-Walker transport of the spin [73].
The spin 2-form Sµν = −Sνµ is subject to the constraint
Sµν [U
ν + Λ0
ν ] = 0, (3.3)
which must be supplemented by a gauge condition for
Λ0
µ. These conditions reduce the rotational degrees of
freedom to the three physical ones.1 It is useful to define
a spin vector as
Sµ = maµ = Uν ∗Sνµ, (3.4)
where the dual is defined as usual, ∗Sµν = 12ηµναβSαβ
(with the volume form ηµναβ). The vector a
µ is normal-
ized to the radius of the ring singularity of the rotating
black hole (the Kerr parameter). Both vectors are or-
thogonal to the motion, SµUµ = 0 = a
µUµ.
It is useful to introduce a tetrad field ea
µ defining a
Lorentz frame at each spacetime point, gµνea
µeb
ν = ηab.
(Notice that Λc
µ is only defined on the worldline and
encodes the orientation of the body.) We use ea
µ to
translate between spacetime indices µ, ν, ... and Lorentz
indices a, b, .... The frame ea
µ introduces six new gauge
degrees of freedom (Lorentz transformations of the index
a) in addition to the four coordinate ones. Then the top
Lagrangian reads
Ltop = Sab
[
1
2
Λc
a dΛ
cb
dσ
+ Ua
dU b
dσ
]
+m ∗ωµabuµUaab,
(3.5)
where we define the dual ∗ωµab = 12ηabcdωµcd, the Ricci
rotation coefficients ωµ
ab = ebν(∂µe
aν + Γναµe
aα), and
the connection 2Γρσµ = ∂σgµρ + ∂µgσρ − ∂ρgσµ. Notice
that the Rotation coefficients manifestly couple only to
the components of the spin which are orthogonal to the
motion.
The spin-induced multipole interactions of black holes
(i.e., neglecting tides) are given by nonminimal couplings
in the action. The electric IL and magnetic J L multi-
poles are contracted with the corresponding electric EL
and magnetic BL curvature tensors in the Lagrangian,
LSI = −
√−uρuρ ∞∑
`=2
1
`!
(ILEL − J LBL), (3.6)
1 As discussed in [69], the action (3.1)–(3.2) uses dynamical vari-
ables associated to different instances of traditional spin supple-
mentary conditions (SSCs) for the MPD equations [52–54]; such
SSCs are discussed e.g. in [38, 39, 74]. The worldline zµ here is
that defined by the Tulczjew-Dixon SSC [34, 54], while the spin
tensor Sµν is that defined by the (thus-far) generic SSC defined
by (3.3), in which Λ0µ plays the role of a gauge field [69].
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The curvature tensors are defined by2
Eµ1...µ` = Pν1µ1 . . .Pν`−2µ`−2∇(ν1 . . .∇ν`−2Rµ`−1αµ`)βUαUβ ,
Bµ1...µ` = Pν1µ1 . . .Pν`−2µ`−2∇(ν1 . . .∇ν`−2 ∗Rµ`−1αµ`)βUαUβ ,
(3.7)
with the dual to the curvature ∗Rµνρσ = 12ηµναβRαβρσ,
the projector Pνµ = δνµ + UµUν , the covariant derivative
∇µ, and our convention for the Riemann tensor is
Rµναβ = Γ
µ
νβ,α−Γµνα,β+ΓρνβΓµρα−ΓρναΓµρβ . (3.8)
Generalizing Eq. (2.3) by replacing ai with aµ, we then
arrive at the Lagrangian
LSI = −m
√−uρuρ ∞∑
`=2
<
[
i`aL
`!
(EL + iBL)
]
, (3.9)
where < denotes the real part. An alternative way to
arrive at this Lagrangian is the following. By construct-
ing all couplings between spin and curvature consistent
with the symmetries of the problem and to linear order
in the curvature, one arrives at an expression analogous
to Eq. (3.9) but with undetermined coefficients on each
interaction term [49]. Since each coefficient contributes
to a distinct term in the final potential for the binary mo-
tion and since this final potential is correct in the limit of
a test-mass moving in the Kerr geometry, see Sec. III D,
all of these coefficients were fixed correctly for the case
of a Kerr black hole in Eq. (3.9).
B. Linear approximation
In this section, we discuss the weak-field approxima-
tion to linear order in the metric perturbation hµν =
gµν − ηµν , where ηµν is the Minkowski metric. Indices
are pulled using the Minkowski metric from now on.
For simplicity, we choose the tetrad to be the symmet-
ric matrix square-root of the metric
ea
µ = δµa −
1
2
ha
µ +O(h2), (3.10)
which fixes the six tetrad gauge degrees of freedom. It is
also useful to fix the gauges of the point-particle action
at this point. For the worldline gauge we choose σ = t.
Then it hold u0 = 1, ui = dzi/dt = vi, and
γ =
1√
1− v2 =
1√−uρuρ +O(h). (3.11)
2 One can equivalently use the Weyl tensor instead of the Riemann
tensor here. The difference corresponds to a redefinition of the
metric in the full action [77].
We denote time derivatives by a dot from now on,
˙ =
d
dt
=
d
dσ
= uµ∂µ. (3.12)
For the spin gauge we choose Λ0
b = δb0, so that Λa
0 = δ0a
and from Eq. (3.3) also
Si0 = −1
2
Sijv
j +O(h). (3.13)
See Refs. [49, 69] for details. In these equations and in
the following, spatial and temporal indices on the spin Sij
and on Λij are in the local frame, while other variables
are given in the coordinate frame.
The curvature tensor reads in the linear approximation
2Rµναβ = ∂ν∂αhµβ + ∂µ∂βhνα − ∂µ∂αhνβ − ∂ν∂βhµα
+O(h2). (3.14)
It follows straightforwardly that
EL = −1
2
∂LhµνU
µUν +O(h˙, h2), (3.15)
BLµ =
1
2
Uνην(µ
αβ∂L)∂αhβρU
ρ +O(h˙, h2). (3.16)
Notice that we can drop time derivatives of hµν (and the
tetrad) in the linear approximation of the particle action,
since these can be partially integrated to give negligible
terms containing u˙µ = O(h) or a˙µ = O(h). (Insertion of
equations of motion into the action is justified here since
it is equivalent to a variable redefinition [78].) These
formulas formally only hold for ` ≥ 2, but they are also
correct for
E = −1
2
hµνU
µUν , Bµ = ∗ωνabUνUaebµ, (3.17)
due to our assumption on the tetrad gauge (3.10)3. This
allows us to extend the summation over ` in Eq. (3.9) to
` = 0, 1. We finally arrive at
SBH =
∫
dt
{
− m
γ
+
1
2
Sij
[
ΛkiΛ˙kj + viv˙j
]
+
∞∑
`=0
mUνUρ
2γ `!
<
[
(iaσ∂σ)
`hνρ
+ aµηνµ
αβ∂α(ia
σ∂σ)
`−1hβρ
]}
+O(h2). (3.18)
3 In fact, this assumption can be relaxed considerably, we just need
that time derivatives of the tetrad can be dropped. This is the
case if the tetrad is expandable in terms of the metric perturba-
tion only (e.g., no explicit coordinate dependence), which holds
for most tetrad gauges.
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For completeness, the gravitational action in the linear
approximation and in harmonic gauge Pµναβ∂µhαβ = 0
reads
SG = − 1
64pi
∫
d4x ∂ρhµνP
µναβ∂ρhαβ +O(h3), (3.19)
where
Pµναβ =
1
2
(ηµαηνβ + ηναηµβ − ηµνηαβ). (3.20)
Note that field equations in the linear approximation cor-
respond to a quadratic approximation in the field part of
the action.
C. Post-Newtonian approximation
The PN approximation is a weak-field and slow-motion
approximation. The PN leading order is obtained by fur-
ther specializing the weak-field approximation from the
last section to leading order in the velocity. It is useful
to introduce a decomposition of the metric perturbation
in terms of the fields φ, Ai, and σij = σji as
h00 = −2φ, h0i = −Ai hij = −2φδij + σij . (3.21)
Here φ is the gravito-electric field (Newtonian potential)
and Ai is the gravito-magnetic field.
The PN action is obtained by removing the metric from
the full action SG + SBH1 + SBH2 for the black-hole bi-
nary. For this purpose, one can obtain the field equations
for the metric components by varying the action, solve
the field equations, and insert this solution into the full
action, see e.g. [31, 79]. This is referred to as the Fokker-
action approach. A different method is to integrate out
the field using standard quantum field theory techniques.
That is, obtain the Feynman rules from the action and
evaluate all Feynman diagrams which are nonzero in the
classical limit, see e.g. [77, 80]. We present the latter
approach in detail here, but both are not difficult at the
considered order.
The Feynman rule for the interaction of the black-
hole worldline (fat solid line) with a gravito-electric
field φ (thin solid line) follows directly from expanding
Eq. (3.18) in φ leading to
≈ −m
∫
dt
[
cos(a ·∇) + 2sin(a ·∇)
a ·∇ (a×∇) · v
]
φ,
= −m
∫
dt [cosh(a×∇) + 2 sinh(a×∇) · v]φ,
(3.22)
in the linear approximation and to linear order in v.
Here∇ is the partial 3-dimensional derivative. Note that
the hyperbolic sine of a vector is a vector, while the hy-
perbolic cosine of a vector is a scalar—it is understood
(a) (b)
FIG. 3. Feynman diagrams of the leading-order gravito-
electric and gravito-magnetic interactions.
that pairs of adjacent factors of a ×∇ are contracted,
with the grouping of the pairs being inconsequential, as
in (a×∇)3 = a×∇(a×∇)2 = (a×∇)2a×∇. We
have also used that (a × ∇)2 = a2∇2 − (a · ∇)2 and
that ∇2φ can be approximately removed by a field re-
definition in the action; it holds ∇2φ = 0 at the location
of the black hole if φ is sourced by the other back hole.
The Feynman rule (3.22) directly encodes the source of
the field equation for φ. The interaction with the gravito-
magnetic field Ai (dashed line) in Eq. (3.18) is given by
≈ −m
∫
dt
[
sin(a ·∇)
2a ·∇ a×∇+ cos(a ·∇)v
]
·A,
= −m
∫
dt
[
1
2
sinh(a×∇) + cosh(a×∇)v
]
·A.
(3.23)
Similarly, for σij one sees that it only contributes to
quadratic order in v and can be neglected here. The
leading-order Feynman diagrams are therefore given by
Fig. 3.
The gravitational action reads
SG ≈
∫
d4x
32pi
[
4φ∇2φ−Ai∇2Ai
]
, (3.24)
from which the Feyman rules for the field propagators
follow as
= 〈φ(z1, t1)φ(z2, t2)〉, (3.25)
=
δ(t1 − t2)
R
, (3.26)
where R = |R|, R = z1 − z2, and
= 〈Ai(z1, t1)Aj(z2, t2)〉, (3.27)
= −4δij δ(t1 − t2)
R
. (3.28)
The propagators are essentially the (time-symmetric)
Green’s functions that would be used in the Fokker-action
approach to solve the field equations.
Figure 3a translates into the following gravito-electric
contribution to the interaction potential,
9Vel = −
[
1
2
cosh(a1 ×∇1) cosh(a2 ×∇2) + 2v1 · sinh(a1 ×∇1) cosh(a2 ×∇2)
]
m1m2
R
+ (1↔ 2), (3.29)
where∇A = ∂/∂zA and it was taken into account that the potential enters the action with a minus sign. This potential
can be obtained in the Fokker-action approach by collecting all contributions coming from inserting a solution for φ
into the full action. Similarly, for the gravito-magnetic interaction (Fig. 3b) one obtains
Vmag =
[
1
2
sinh(a1 ×∇1) · sinh(a2 ×∇2) + 2v1 · sinh(a2 ×∇2) cosh(a1 ×∇1)
]
m1m2
R
+ (1↔ 2). (3.30)
The sum of all contributions to the potential reads
V = Vkin + Vel + Vmag = Vkin − [cosh(a0 ×∇) + 2(v1 − v2) · sinh(a0 ×∇)] m1m2
R
, (3.31)
where we have used ∇2f = −∇1f ≡ −∇f for any f(R), and the addition theorems for the hyperbolic trigonometric
functions together with the definition (2.15). The kinematic contribution from the last term in the first line of
Eq. (3.18) is
Vkin = −1
2
Sij1 v
i
1v˙
j
1 −
1
2
Sij2 v
i
2v˙
j
2 =
1
2
[v1 × a1 − v2 × a2] ·∇ cosh(a0 ×∇)m1m2
R
, (3.32)
having inserted the leading-order (even-in-spin) acceler-
ations in the second equality (which induces variable re-
definitions [78]). The full action finally reads
SLO,PN =
∫
dt
 ∑
A=1,2
(
mA
2
v2A +
1
2
SijAΛ
ki
A Λ˙
kj
A
)
− V
 ,
(3.33)
where we have dropped the constant rest mass terms.
The Hamiltonian (2.23) follows from a Legendre trans-
formation, a specialization to the system’s center-of-mass
frame (which is achieved simply by using the LO relation
m1z1+m2z2 = 0), and the transition between hyperbolic
and ordinary trigonometric functions as used above.
D. Connection to the test-body limits
In this section we discuss the connections between the
LO PN result and the two test-body limits: test-black-
hole motion and geodesic motion in a Kerr spacetime.
Firstly, as pointed out in [81], the exact Kerr metric
with mass M and spin Ma can be written as
gKerrµν = ηµν + hµν + 2∂(µξν), (3.34)
where ηµν is the flat Minkowski metric with connection
∂µ, the “gauge vector” ξµ is given by Eqs. (65)–(67) of
[81] (with some notational differences for the spatial co-
ordinates), and the linearized harmonic-gauge “pertur-
bation” hµν is given (exactly) by
h00 = −2φ, h0i = −Ai, hij = −2φδij , (3.35)
with
φ = − cosh(a×∇)M
R
= − Mr
r2 + a2 cos2 θ
,
A = −2 sinh(a×∇)M
R
= 2φ
R× a
r2 + a2
, (3.36)
where the oblate spheroidal coordinates (r, θ,Φ) and
Cartesian coordinates (X,Y, Z) on the flat 3-space are
related by
X + iY =
√
r2 + a2 sin θ eiΦ, Z = r cos θ, (3.37)
[as in (2.22) with a0 → a].
Because the LO-PN approximation [leading PN order
at each order in spin] comprises a subset of the terms in
the linearized approximation [gµν = ηµν + hµν +O(h2)],
and because the addition +2∂(µξν) in (3.34) takes pre-
cisely the form of a linearized gauge transformation, we
can simply drop this term for any linear-order or LO-PN
calculation, and take ηµν +hµν from (3.35)–(3.36) as our
linearized (harmonic-gauge) Kerr metric.
Now, the action for a spinning test black hole in a
Kerr metric is given (by construction) by (3.18) with the
hµν there replaced by the stationary Kerr field (3.35)–
(3.36) [instead of the dynamical two-body spacetime].
One finds that this leads precisely to the Hamiltonian
given by (2.23)–(2.25) for a test black hole with mass µ
and spin µσ∗ in a Kerr field with mass M and spin Mσ.
That same Hamiltonian under the mappings (2.10) be-
tween σ, σ∗ and a1, a2 is the arbitrary-mass-ratio BBH
Hamiltonian. This demonstrates the equivalence (2.18)
to all orders in spin.
The LO-PN Hamiltonian for geodesics in a Kerr space-
time is found simply by solving (ηµν − hµν)PµPν = −µ2
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with Pµ = (−H,P ) for H, leading via (3.35)–(3.36) to
Hgeod. = µ+
P 2
2µ
+ µφ+ P ·A+ NLO. (3.38)
We see that, with the Kerr spin a → a0, the even-in-
spin part matches with that of the BBH Hamiltonian
(2.23)–(2.25), thus establishing the equivalence (2.19) to
all orders in spin. Furthermore, the only addition needed
to fix the odd-in-spin part is the last term in (2.23),
1
2P × σ∗ ·∇φ, which is itself expressed very simply in
terms of the potential φ for a rotating black hole with
spin a0. One sees from the derivation in Sec. III that
this term arises precisely from the kinematic viv˙j terms
in (3.18), from the relativistic top action.
IV. CONCLUSION
We have derived the leading-PN-order, all-orders-in-
spin Hamiltonian for a binary black hole, and shown that
it bears two distinct intriguing relationships to test-body
motion in a Kerr spacetime.
These results are clearly relevant to efforts to develop
effective-one-body (EOB) Hamiltonians for BBHs (see
e.g. [40, 42, 51, 82–84]). The direct mapping (2.18) to
the test-body limit (for even and odd parts) is remi-
niscent of the spinning EOB models of [83, 84] which
recover the exact (all-PN-order) test-body limit at lin-
ear order in the spin of the test body. An extension of
this strain of EOB models to include higher orders in
the test spin would naturally incorporate the new LO-
PN arbitrary-spin results, but this would require adding
an infinite number of ever more complicated terms to
the EOB Hamiltonian—unless one could find a conve-
nient resummation of the arbitrary-test-spin test-black-
hole dynamics (which seems less implausible than before
in light of the remarkable resummation at LO). On the
other hand, the alternate mapping of (2.19) and (2.15) is
a feature of the alternative strain of spinning EOB mod-
els including [42, 51], which are now seen to correctly en-
code the full even part as in (2.19), but not the full odd
part. Thus, both primary strains of EOB models bear
some relationship to the new LO arbitrary-spin results,
but neither of them as they stand currently encapsulates
all of the new results.
Regardless of any EOB framework, the new “LO-S∞”
results reveal nonperturbative mappings of real BBH
dynamics to effective test-body motion, and this unex-
pected fact warrants much further consideration. It re-
mains to be seen whether these leading-order mappings
have analogs at higher post-Newtonian orders—the ap-
proach in Ref. [85] could be beneficial to work this out.
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